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Abstract 

We propose a new interpretation of the c = 1 matrix model as the world-Une theory of N unstable 
D-particles, in which the hermitian matrix is provided by the non-abelian open string tachyon. 
For D-branes in 1+1-d string theory, we find a direct quantitative match between the closed 
string emission due to a rolling tachyon and that due to a rolling eigenvalue in the matrix model. 
We explain the origin of the double-scaling limit, and interpret it as an extreme representative 
of a large equivalence class of dual theories. Finally, we define a concrete decoupling limit of 
unstable D-particles in JIB string theory that reduces to the c = 1 matrix model, suggesting that 
1+1-d string theory represents the near-horizon limit of an ultra-dense gas of IIB D-particles. 



1. Introduction 



The duality between open and closed string theory has led to various deep and surprising 
insights into the fundamental structure of both systems. A relatively recent, but still incom- 
pletely understood, example of such a duality is the observation that unstable D-branes can 
completely decay into closed strings via open string tachyon condensation [2] [1]. Both the full 
time evolution as well as the final stage of this decay process are fascinating arenas for further 
study [3] [4] [18] [5] [6]. In particular, it would be desirable to find a controllable description of 
closed string creation from open string tachyon matter [7] [8] [9] . 

It is a natural strategy to try to apply the lessons of other open/closed string dualities, 
like Matrix theory and the AdS/CFT correspondence, to this problem. In particular, we could 
attempt to find a regime in which the tachyon degrees of freedom are naively decoupled from 
the bulk closed strings, but at the same time become fully equivalent to a complete closed string 
theory in an appropriate near horizon geometry. Experience tells us that this can be achieved if 
we can take a suitable large limit and tune parameters, such that the tachyon matter becomes 
ultra-light and saturates all possible degrees of freedom of the theory. 

With this motivation, we will consider in this paper the non-abelian tachyon dynamics of a 
dense gas of many unstable D-particlcs. To enable investigation of the tachyon mode in isolation, 
we will consider special models, or regimes of couplings, in which all other degrees of freedom 
of the D-particles, such as their space-time positions, are either absent or decoupled. A specific 
string model with this property is 1-l-l-dimensional bosonic string theory, which has a well-known 
dual description in terms of matrix quantum mechanics; for reviews see e.g. [11] [12] [13] [15]. 

This duality between l-|-l-d strings and c = 1 matrix quantum mechanics is the oldest 
known example of a holographic equivalence, and has several attractive features in comparison 
with the examples found later. It is a holographic theory with an S'-matrix description, and 
therefore more similar to a model of holography in flat space. Secondly, both sides of the duality 
have overlapping weakly coupled regimes; the matrix model is even exactly sohiblc. This allows 
very precise quantitative comparisons. The duality also has various mysterious features and 
unresolved puzzles [16]. 

In the light of more recent developments, it is natural to suspect that the c = 1 matrix 
degree of freedom should be related to the open string tachyon of unstable D-particles of the 
l+l-d string theory itself.^ We will present concrete evidence in support of this identification. 
In particular we will find a direct quantitative match between the closed string emission due 
to a rolling tachyon and that due to a rolling eigenvalue in the matrix model. Via this new 
interpretation of the matrix model, we will be able to clarify several of its somewhat mysterious 
features. We will explain the physical meaning of the double-scaling limit as a decoupling limit. 

Indeed, a comment to this effect appears in [17]. 
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and interpret it as selecting an extreme representative of a large equivalence class of dual theories 
in which D-branes are replaced by their back-reaction on the closed string background. The 
projection onto singlet states is naturally implemented by the worldline gauge invariance. The 
D-brane perspective also sheds new light on the non-perturbative instability of the matrix model 
against tunneling of eigenvalues towards the wrong side of the potential barrier: it corresponds 
to decay of the open string tachyon towards the regime where its potential is unbounded from 
below. Due to this instability, it would appear that 1+1-d string theory is an incomplete model, 
since it does not seem to have a completely self-consistent non-perturbative definition. 

It is an important question, therefore, whether it is possible to obtain l-|-l-d string theory 
via a special limit of one of the consistent supersymmetric string theories. In the last section, 
we will propose a confirmative answer to this question, by defining a natural decoupling limit 
of a dense collection of unstable D-particles in IIB string theory, in which the world-line theory 
reduces to the c = 1 matrix model. This correspondence suggests that l-|-l-d string theory can 
be given its rightful place within the world of consistent theories, as the near-horizon limit of a 
dense cluster of unstable D-particles. 

2. Rolling and Bouncing Tachyons 

We begin with a brief summary of some recent results and insights about open string tachyon 
dynamics on non-supersymmetric D-branes, that will be useful for our later discussion. We will 
restrict our attention to the case of unstable D-particles, both in bosonic and supersymmetric 
string theory. 

The worldline theory of a D-particle in bosonic string theory is a quantum mechanical system, 
with one unstable tachyonic degree of freedom T. Its equation of motion is the requirement that 
the corresponding worldsheet boundary interaction 



defines a proper boundary conformal field theory. In case the closed string background is static, 
so that 



where Soft is any c = 25 CFT describing the spatial directions of the target space, the following 
trajectories 




(1) 




(2) 



TroiilX") = AexpX' 







(3) 



rbounce(^°) = AcOshX' 







(4) 
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are exact solutions for all values of A < 1/2. The first trajectory describes a rolling solution: 
the tachyon starts at the top of the potential and rolls towards the minimum of its potential 
at r = oo. The second trajectory represents a bounce: the tachyon starts from and returns 
to the minimum at T = oo, reaching its smallest value T = A at X° = 0. In the interacting 
string theory, this bouncing tachyon solution can be thought of as being initiated at early 
times by a collision of closed string matter, creating an unstable D-particle which, after a finite 
lifetime of order | log A| (for small A), decays back into closed strings. The critical configuration 
with A = 1/2 has the special feature that the boundary state formally vanishes [3]; it can be 
shown to be equivalent to a specific time-dependent classical closed string background [7]. This 
equivalence can be thought of as a pcrturbative (or infinitesimal) version of open/closed string 
duality, since it indicates that a D-particlc with a particular tachyon profile can be completely 
absorbed via an adjustment of the closed string background. This surprising result will be a key 
element in our later argumentation. 

The classical behavior (4) of the tachyon mode can be reproduced in terms of an effective 
mechanical model, with a Born-Infeld type lagrangian ^ 

S{T) = - jdt V{T)\ll-T^ (5) 



where 



This form of V{T) applies for positive T only: for negative T, the bosonic string tachyon 
potential is known to be unbounded from below. We will for the most part restrict our attention 
to the stable region T > 0. In the following section we will use the matrix generalization of this 
effective model as our starting point for studying the quantum mechanics of the matrix valued 
tachyon associated with systems of many unstable D-particles. The detailed analytic form of 
the potential V{T) will not be essential, except for the two global properties that (i) it has a 
single maximum at T = 0, near which it behaves as 

nr)^^(i-^r2 +...), (7) 

and (ii) V{T) exponentially decays to zero at T — > oo. 

In a general closed string background, the unstable D-particle has many more light degrees 
of freedom than just T; in particular it has coordinates X'^[t) that parametrize the space-time 
motion of the D-particle. To enable investigation of the tachyon mode in isolation, we will 

^Following [8], [21] we have performed a field redefinition relative to (4); the variable T appearing 
below has the solution sinh^ T/2 = A coshf. 
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consider special models, or regimes of couplings, in which these other degrees of freedom are 
either absent or decoupled. A specific bosonic string model which is known to satisfy this 
property is the 1-dimensional non-critical string, or equivalently, the 1+1-dimensional critical 
string theory, to which we now turn. 

3. D-branes in 1+1-d String Theory 

The space-like motion of the l+l-d critical string is described by the Liouville conformal 
field theory 

.Sbulk = ^ / (i^aipf + QR^'^if + ATTI^e^'^) , (8) 

with Q = b + ^ and central charge cl = 1 + 6Q^. The case of interest to us is cl = 25, Q = 

2, 6=1, but it will sometimes be useful to keep 6 7^ 1 as a regulator. The cl = 25 Liouville 
CFT represents a classical string background of the effective 1+1-d target space-time field theory 
(here T denotes the closed string tachyon, and R the l-M-d target-space curvature scalar) 

5eff = J(fx (i? + 4(V$)2 - (Vr )2 + 4r 2 + 16 + . . .) . (9) 

Besides the standard classical tachyon profile T e^'^, this action also admits T ~ ipe'^'^ as a 
static solution for the closed string tachyon, and the latter solution dominates for large negative 
if. The c=l string background 

$(99)~2(^, T{^)^{^ + ^logfi)fie^'^ (10) 

is characterized by just one single parameter, which wc view as related to the string coupling 
= e* at the location of the "tachyon wall" (i.e. the place where T becomes of order 1 in 
string units) via 

£/eff ^ 1/Ai, (11) 

or as related to the value of T at the location = of the "dilaton wall" (i.e. where the string 
coupling is of order 1) via 

r(o)^|iog/i. (12) 

The action (9) has only one single propagating degree of freedom, which we can take to be the 
closed string tachyon T. In spite of its name, it in fact satisfies - due to the presence of the 
linear dilaton - a massless wave-equation. Vertex operators corresponding to normalized states 
look like 

Vp = e^Q+'P^'P (13) 
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with P real and positive'^. Vp has conformal dimension Ap = ^(Q^ + We will call the state 
with this momentum \vp), and take it to be normalized so that {vpi\vp) = Tr6{P — P'). 

The possible consistent boundary conditions of Liouville CFT have recently been studied 
in [25], [26] (sec also [31] [32] [33]). This open Liouville theory is defined by introducing the 
Weyl-invariant boundary interaction 

-^bdy = ^ i_ + f^Bc'^) d^, (14) 



47r Jdr V 27r 

where K is the extrinsic curvature, ^ is a coordinate on the boundary, and /ig is the boundary 
cosmological constant. It represents a continuous marginal coupling of the boundary CFT. ^ 

An interesting quantity is the overlap of the momentum eigenstate \vp) with the boundary 
state corresponding to the boundary action described above. It corresponds to the one-point 
function of the vertex operator Vp on the disk. It is given by [25] 

{vp\Bs) = 4(^/^7(^>'))"'''/"T(l + ibP)T{l + iP/b) cos{nsP), (15) 
iP 

with c an overall normalization constant, 7(x) = r(x)/r(l — x) and s is a parameter^ related to 
Mb by the relation 

cosh^ Trbs = ^ sinTT^^. (16) 
A* 

The boundary state with label s is identical to that with label —s. This explicit expression for of 
{vp\Bs) was found in [25] by deriving a functional equation that it must satisfy; the parameter 
s appearing in (16) arises in solving this equation. Note that, unlike for D-branes in flat space, 
the overlap (15) has a quite non-trivial P dependence and is not just a phase factor. Specializing 
to the critical value of 6 = 1 gives 

{vp\Bs)=ce--i-^^^^;^^ (17) 
smh(7rP) 



where 



e-^(-) = (-M)-"/^^|^. (18) 



■^Thcsc in fact do not correspond to good local operators, since the solution to the classical Liouville 
equation in their presence implies a hyperbolic metric {i.e. a throat) in their neighborhood [23] [24]. 
^We would like to thank J. Teschner for correcting an error in an earlier version of this paper. 
^Note the slight change of conventions: 

s = SFzz = 2sT, P = 2Pfzz = 2Pt 
where the subscript FZZ labels quantities appearing in [25] and the subscript T labels those in [26] . 
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In the 6^1 limit, the right hand side of (16) remains finite. However, a particularly interesting 
case arises when /xs = 0, which implies that 

cosh(7rs) = 0. (19) 

This is solved when s takes one of a discrete set of imaginary values 

s = |(2m + l), meZ. (20) 

Investigation of the spectrum of open string states associated with each boundary state \Bs) 
furthermore reveals that as one increases n one finds increasingly tachyonic open-string modes 
[26]. We will focus on the minimal value s = |. Note that these D-objects do not have a 
continuous degree of freedom corresponding to their space-like position. 

To obtain a bit more insight into the structure of the boundary state \Bs) it is instructive 
to introduce a boundary state with fixed length equal to £ via 

\Bs) =Jj e-^^^"^^^'^^) \W{e)) (21) 

The overlap of this new boundary state |M^(^)) with the momentum eigenstate \vp) takes the 
form 

Wii,P) = {vp\W{e)) = ce-'^^'^^PKipi^e) (22) 
Interestingly, this expression satisfies the Schrodinger equation 

1 1 

+ 27r/xe2'^° - -P^)wii,P) = i = e'l'° (23) 



(- 



which is often referred to as the "mini-superspace Wheeler-De Witt equation" of the 2-d Liouville 

gravity theory, since it takes the form of the zero-mode truncation of the Liouville equation of 
motion. It shows that W{1, P) can be thought of as the space-time profile of the tachyon 
mode created by the microscopic vertex operator Vp of momentum P. Applying the Laplace 
transformation (21) to the result (22) reproduces (17), via the identity 



/ 



Another very interesting class of boundary conditions for the Liouville theory were studied 
in [27]. These boundary states have the property that the only state that propagates in the 
open string channel is the identity operator. They are highly localized in the Liouville direction, 
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and do not have a space-like position. As pointed out in [17], this impHes that their worldhne 
description reduces to a matrix model. ® 

In 1+1-d string theory, the Liouvillc theory is supplemented with the c = 1 CFT of the 
time coordinate and we can thus consider boundary states that describe a D-particle with a 
rolling open string tachyon on its world- line. When the Liouville boundary state has //^ = 0, the 
profile of the open-string mode arises purely from the X° boundary state; otherwise, there is a 
time-independent term in the profile. This is our main motivation for focussing on = 0. For 
later comparison with the c = 1 matrix model, we would like to determine the one-point function 
that expresses the leading order emission of closed string tachyons from this boundary state. 
For concreteness, we will consider the half-brane trajectory (3). The corresponding boundary 
state takes the form of the tensor product 

\B) = \Bx) ® \Bs). (25) 

We are interested in the overlap of this boundary state with the state \vu,) (8) \vp) created by the 
vertex operator V^^p = +{Q+^p)'P of given energy u and Liouville momentum P, subject to 
the mass-shell condition that a; = |P|. The time-dependent state \Bx) has a non-zero overlap 
with energy eigenstate l^^;) - normalized according to {vu)\vu,') = Tr6{u> — lo')) equal to 

{v^\Bx) = X-i-^^. (26) 
smhTTo; 

So the total production amplitude is (specializing to s = ibi/2) 

2 -iS{P)^-iu; 

A{u,P) = {v^\Bx){vp\Bs) = . . , , u = \P\. (27) 

smh(7rP/2) smh(7ru;) 

In a section five we will reproduce this exact same amplitude by considering the emission due 
to a classical rolling eigenvalue in the c = 1 matrix model. 



4. D-particle Gas in a 1-D Box 

We will now proceed to analyze the quantum mechanics of the non-abelian tachyon mode 
that lives on the worldline of (a bound state of) many unstable D-particles. That we can treat 
the tachyon mode in isolation, without coupling to other worldvolume fields, will be justified 
for unstable D-particlcs in the bosonic and type IIB theories in section 7. In the 1+1-d theory, 

study of their interpretation as D-objects, and their description in the matrix model was recently 
performed in [28] [29]. 
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there are indeed D-branes with this property. ^ We will assume that the effective action of the 
T mode is as given in eqn (5). 

First, however, let us address an apparent puzzle. Perturbativc study (for small values of 
the Liouvillc interaction fie'^'^) of the open 1+1-d string spectrum reveals that, like its closed 
string cousin, the open string tachyon in 1+1-d string theory is not really "tachyonic" but rather 
"massless": its perturbative potential starts out flat, with zero second derivative instead of with 
a negative one as in eqn (7). Indeed, in general the presence of open and closed string tachyonic 
modes can be seen as a consequence of the Hagedorn growth of the number massive string 
states; the 1+1-d model has no massive on-shell degrees of freedom, and its physical spectrum 
is therefore free of tachyonic instabilities. In other words, in the perturbative regime of small 
/ie^*^, D-particles in 1+1-d string theory would appear to be perfectly stable! So how can the 
action (5), with the unstable potential (6), be a correct effective model? 

The justification for (5) is that its classical trajectories reproduce the consistent tachyon 
profiles (4). This reasoning is still perfectly valid in the 1+1-d theory. The implicit assumption 
leading to the apparent contradiction is that a D-particle can be independently localized in the 
Liouville direction ip as well as in T. This assumption, however, is invalidated by the fact that 
the type of D-particle we wish to study has only T as its low energy degree of freedom, and 
does not have an independent ip position. This suggests that this if position is in fact correlated 
with the value of T, and it would seem a good guess that small values of T, near the top of the 
potential V{T), describe a D-particle in the strongly coupled region near the "Liouville wall," 
while large values of T (near the flat region of the potential V(T)) correspond to (p values in 
the weakly coupled asymptotic region. All this is of course very reminiscent of the holographic 
dictionary of the AdS/CFT correspondence, and, more to the point, of its precursor: the c=l 
matrix model. 

The c = 1 matrix model describes 1+1-d string theory in terms of the quantum mechanics of 
a single large N matrix. It has long been recognized, ever since the D-brane string revolution, 
that the eigenvalues of this large N matrix have a likely interpretation as the positions of 
D-particles of a suitable type. Given the above discussion, it is natural to suspect that the 
appropriate D-particle is that of the 1+1-d theory itself. The effective lagrangian describing N 
such D-particles is 



Here T is a an x iV hermitian matrix and Dt = dt + [At, •], with At a U{N) gauge "field". 
Choosing At = gauge, its only role is to impose the Gauss Law which projects onto singlet 
states. Given the form (6)-(7) of V{T), it is clear that the quantum mechanics of this model 
has the same large N behavior as the c = 1 matrix model. In this section we will make this 
''It has been pointed out in [17] [30], this analysis is most naturally applied to the branes of [27]. 




(28) 
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correspondence explicit, while recollecting some relevant facts about the c = 1 matrix quantum 
mechanics. 

Following the standard c = 1 routine [10] we write 

T = ntTn, r = diag(Ti,T2,... Tjv). (29) 

Here the eigenvalues Tj parametrize the positions of the D-particles, while the U {N) matrix Q 
represents a pure gauge degree of freedom. Thus we may set O = 1. Taking into account the 
proper Jacobian, we can write the quantum mechanical wave-function of T as 

^'(T) = A(T)^(T) , A(T) = UiTi - Tj). (30) 

i<j 

Since A(T), the Vandermondc determinant, is completely anti-symmetric under interchange of 
the eigenvalues Ti, the reduced wave-function ^(T) is completely anti-symmetric as well. The 
Hamiltonian derived from (28) reduces to a sum of decoupled single particle Hamiltonians 

H = J2h,, /i, = ^7r2 + y(T,)2 (31) 

i 

with TTi = i-^- The A'' D-particle matrix model thus reduces to a decoupled system of 
fermions in one dimension, described by the relativistic Hamiltonian (31). 

From the form of the potential V{T) we see that the single particle Hamiltonian h has 
a continuous spectrum of plane wave eigenstates. To resolve this continuum into a discrete 
spectrum, we will put the system in a 1-d box, by imposing reflecting boundary conditions at 
at some large (negative) value T = Tq. We will choose this cut-off location at 

To = 2 log 5,. (32) 

Eventually we will remove this IR cut-off taking the limit (7s ^ 0. 

The ground state of the system is obtained by filling the lowest N eigenvalues of h. We will 
assume that gs , and Tq are tuned to that the fermi level defined by the iV-th energy eigenvalue 

fi^ = En (33) 
lies just below the top of the potential barrier 

/x^</xe, Hc = V{0) = -. (34) 

9s 
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Using the WKB approximation, and ignoring for now the quantum mechanical tunncUng through 
the potential barrier, we can find the fermi level /x^ for given A'^ via the Bohr-Sommerfeld 
condition 

27rN = j^dTTT^T), TT^ = ^ /x| -F(T)2 , (35) 

where the integral is around the closed trajectory with energy /x^ . Thus 

iV = i J dT^iil - V{Tf (36) 

with Tp the turning point at which V{Tp) = fip. 

An interesting quantity is the spectral density p{lJip) = which reveals a logarithmic 

divergence in the limit that jip approaches jic- 

Pif^.) = 11 I ,1, - -^ogM, (37) 



To 



with jjL = jjLc — iJ'p- Since we have set the cutoff on the eigenvalue space at Tq = 21ogg's, (37) 
gives the expected linear growth of the spectral density with the 1-d volume. Further, the log(/x) 
divergence reflects the fact that the time that a particle spends near the top of the potential 
barrier diverges logarithmically for small /i. Correspondingly, its wave-function is sharply peaked 
near the turn-around point. 

We thus reach the - with hindsight not entirely surprising - conclusion that the gas of D- 
particles in l-|-l-d string theory, with chemical potential close to /ic, displays the exact same 
universal behavior as the c = 1 matrix model. This correspondence becomes exact in the double 
scaling limit: 

^ 0, N oo, n = fixed. (38) 

Essential for this correspondence is that (i) the D-particles have only one matrix coordinate T, 
and (ii) the effective potential V{T) has a single maximum of the upside-down harmonic form 
(7). 

Much work has been done to extract the scattering amplitudes from the c = 1 matrix model 
and to compare them with the corresponding string theory computations and expectations. 
While the duality has passed many checks, several important puzzles remain. We list of some 
of the main results and open questions: 

(i) The target space dynamics of the matrix model can be formulated in terms of a collective 
field theory [36], in which the eigenvalue density p appears as a second quantized l-|-l-d field. 
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t t 

To Tp ^ 

Fig 1. The tachyon potential V{T) and the Fermi sea oj filled energy eigenstates. The difference ^ 
between the Fermi level jip and the top of the potential specifies the effective string coupling of the dual 
1+1-d string theory. 



This collective field is expected to be related via a field redefinition to the closed string tachyon 
of the non-critical string theory. (In connection with this approach, it is perhaps interesting 
to note that the relativistic form of the eigenvalue Hamiltonian (31) allows us to introduce a 
second quantized fermionic formulation based on the rather standard looking action 

S{^) = Jd^x[^[r^-V{x'))^ +ti,{^''^-N)) (39) 

where ^ denotes a 1+1-d Majorana fermion. Collective field theory essentially arises via 
bosonization of the fermion ^'.) 

(ii) Exact expressions for string scattering amplitudes have been found to all orders in the 
effective string coupling constant 

9eS = i/fi- (40) 

These expressions have been checked against tree-level string theory calculations. 

(iii) While the scattering amplitudes are perturbatively unitary, the matrix model reveals an 
inherent non-perturbative instability leading to unitarity violations of order e~^'^'^ [14]. The 
instability is caused by tunneling events of eigenvalues through the potential barrier. The 
tunneling amplitude 

jdT^V{Tf-iJil) ~ exp(-27r/x) (41) 

-Tp 

reveals the characteristic e~^^^/^''^^ behavior of a D-brane process. Historically, this result 
of course preceded [37] and in fact precipitated the later discovery of the role D-branes. With 
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hindsight, the identification of the eigenvalue tunnehng event with the D-instanton leads directly, 
via an application of Sen's descent relations [1], to the equivalence between eigenvalues and D- 
particles. 

The presence of these unitarity violations turned out to be a severe problem for the c = 1 
model, and it is as yet unclear whether these can be remedied without violating target space 
locality and/or causality. (For two divergent opinions on this question see [16] and [38].) This 
of course seriously dampened the enthusiasm about the c = 1 matrix model as a potential 
non-perturbative formalism for 1+1-d string theory: it is now considered to be an incomplete 
model, without any consistent and/or acceptable non-perturbative definition. Given its key role 
in the inception of the D-brane era, however, the model deserves a better fate than that. Our 
proposed identification of the matrix eigenvalues with the tachyon mode of D-particles hopefully 
represents a first step towards its rehabilitation. We will come back to this issue in section 7, 
where we propose a possible way for embedding the c = 1 matrix model into IIB string theory. 



5. Closed-String Radiation from a Rolling Probe-Eigenvalue 

The surfaces dual to matrix-model diagrams have boundaries if the matrix model is coupled 
to variables in the fundamental representation of the matrix quantum mechanics gauge group 
(This fact has been emphasized by e.g. [40] [39] [35]). Exactly such variables arise when a classical 
probe eigenvalue is introduced into the system, extending the rank of the N x N matrix T by 
one extra row and column 



- Af+lx iV+1 





z 


Vl 


V2 






Tu 


T21 




V*2 




T22 


v 









.1 



(42) 



For fixed extra eigenvalue z, the variables have single line propagators that delineate a bound- 
ary of the string world-sheet, with a Dirichlct boundary condition located at z. As a quantitative 
test of this identification between eigenvalues of the c = 1 matrix and D-particles in 2D string 
theory, we will compute the closed string radiation produced by a classical rolling extra eigen- 
value in first-order time-dependent perturbation theory. For the probe trajectory we will take 



z{t) = Ae*. 



(43) 



The corresponding perturbation hamiltonian arises as follows. 

Suppose we start from the A^-l-l x A'^-l-l matrix model. We can write its wave- function in 
terms of its eigenvalues and after splitting off the Vandermonde determinant obtain the free 
Hamiltonian -ff^v+i = + H'prohe- Here is the free hamiltonian of the N x N model and 
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Hprobe that of tlic cxtra eigenvalue. We want to make the probe follow a classical trajectory. 
We should therefore consider a wave-function of the N quantum mechanical eigenvalues only, 
and rather than factoring out the complete x A'^+l Vandermonde determinant, we should 

split off the N X N determinant only. As a result, the Hamiltonian H^^i does not reduce to 
the free Hamiltonian Hq of N non-interacting fermions, but takes the form 

i7(t) = e-^(^W)i?oe^(^W), (44) 

with 

W{z) = TTlog{z-T). (45) 

Note that this object may be thought of as the gauge parameter inducing a background world- 
volume gauge field created by the probe. Since the large N theory is semi-classical, we can 
simplify (44) to 

H = Ho + m, Hi = [Ho,W{z{t))]. (46) 

We want to compute the transition amplitude from an initial state |//^), in which the Fermi 
sea of the N eigenvalues is calm and quiet, to a final state l/dp +00) with a single excitation with 
energy u. In first-order time-dependent perturbation theory, this amplitude takes the form 

A{u) = Jdt{fi^+u\[Ho,W{z{t))]\fi^)=uJdt{fi^+u\W(z{t))\fi^) (47) 

The matrix operator H^(z) is related via a Laplace transform to the "macroscopic loop operator" 
W{i) that creates a boundary to the string world sheet with total boundary length i, with a 
Dirichlet condition* at time t: 

00 

Wiz, t)=Jj e"'^ W{e, t) W{i, t) = Tr e^'^W . (48) 



The relevant matrix elements of the macroscopic loop operators W(i) have been evaluated in 
[34] [35], with the result 

{fi,+Lo\W{£,t)\ti,) = e-^^H e-* K^UVJli) (49) 

with fi = fic — fJ-p as before, and where we have included the phase e"^^^^^ as defined in equation 
(18). This phase is not produced by the matrix model itself, but appears as a separate wave- 
function renormalization, the so-called leg-pole factor, that relates the matrix model states to 
the continuum closed string tachyon modes (see for example Eqn. (7.27) of [12]). 
^We thank N. Seiberg for a discussion on this point. 
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Combining (47) with (49) and the integral formula (24) gives 

A{u) = fdte-^'^^^ e-* (50) 
J smh(7ra;) 

where s{t) parametrizes the probe trajectory via 

z(t) = cosh(7rs(t)). (51) 

At this point we can already point out a striking correspondence with the boundary states \Bs). 
Namely, we can write A{u>) as [30] 

^(o;) = Jdt [(a;|5f ) {P\B,^t))l^p (52) 

where \Bf) is a Dirichlet boundary state at time t. Now for the rolling trajectory (43) we have 

Jdt cos(7ra;s(t)) e^^ = Jds p{s) cos(7ra;s) e^^^'^ (53) 



with 



, ^ dt TT -IT 

'^'^ = Ts = TT^ - TT^- ^^^^ 



We can view this quantity p as the semi-classical expression of the quantum mechanical proba- 
bility density |V'(s)P of the probe eigenvalue. It is interesting to note that this expression has 
poles exactly at the special values of the Liouville boundary state parameter s discussed earlier 

s = ^{2m + l) meZ. (55) 

These values of s correspond to the location z = at the top of the inverted harmonic potential. 
The physical origin of the poles in p{s) is of course that the critical trajectory (43) has zero 
velocity at this location, while the periodic recurrence of the poles reflects the periodic orbits of 
the right-side up harmonic oscillator. 

To perform the integral (53), we can write cos(7ra;s) = \{e^'"'^^ + e"*'^'^*) and in each of the 
two terms we can attempt to close the contour in the upper and lower half complex s-plane 
respectively. The contributions from the sum over residues gives 

^Resp(.)cos(vra;.) =-j^^. (56) 
This contributes a term in production amplitude 

^Res('^) = ^-TT /o^ ■ V' (^'^) 

smh(7rti;/2) smh(7rti;) 
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which reproduces the continuum production amphtude (27) of the rohing tachyon of the |i?s=j/2) 
state. This correspondence, but more accurately the match between (52) and (50), supports our 
interpretation of the extra eigenvalue as an unstable D-particle of the 1+1-d string theory. The 
expression (57) omits, however, a long-time divergence arising from the countour at infinity. A 
precise correspondence involves a somewhat different interpretation of the matrix model com- 
putation in terms of boundary states, and is discussed further in [30]. 

It is in principle straightforward to compute the higher order corrections to the leading order 
result (57). To find a sensible total production rate, however, one would need to treat the probe 
quantum mechanically, so that the recoil is included and total energy is preserved. It is evident 
from the matrix description that all the initial energy (of order 1//Lt) of the D-particle will be 
emitted in the form of closed string tachyon radiation. 

6. Large N RG Formulation of the Duality 

The matrix model description in section 4 of D-particles in 1+1-d string theory reveals a 
universal behavior that depends only on one parameter: the effective string coupling fi (which 
e.g. sets both the size of the tunneling amplitude (41)) as well as of the eigenvalue density p{iJ,p) 
as given in (37)). The model itself, however, has two parameters: the number of D-particles N 
(all assumed to be in their lowest possible energy eigenstate), the (bare) string coupling gg. We 
are therefore led to conclude that there should be an equivalence between l-|-l-d string theories 
with different values of N, gg, but with the same values for fi: 

igg,N) ^{gs,N) if /x = /i (58) 

This is our new proposed duality relation, and can be thought of as a large N renormalization 
group transformation that leaves l-|-l-d string theory invariant. 

A special case of this duality relation is the equivalence of a string theory with N D-particles 
and coupling gg and the string without D-particles and string coupling g^s = 1/fJ,. This equiva- 
lence reduces in the large N limit to the usual c = 1 matrix model duality. As long as N is finite, 
the string coupling gg is finite as well, so that the D-particles are not decoupled: they must be 
described as embedded and interacting with the surrounding closed string theory. The finite 
N theory thus gives an interesting hybrid description of the effective closed string theory, in 
which the effective world-sheets arc partially made up from open string diagrams and partially 
from closed string diagrams. Only upon taking the double scaling limit N ^ oo, gg ^ with 
fixed, can we treat the effective D-particle action (28) as a strictly decoupled system. Thus our 
proposed duality gives a new physical explanation of the origin of the double scaling limit. 

Another interesting case is N = 1 and N = 0. It entails that adding a single D-particle 
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in its lowest energy eigenstate, can be absorbed via a small adjustment of the string eoupling. 
This statement appears to be closely related to the aforementioned result that the critical time- 
dependent tachyon profile (4) with A = | is equivalent to a source free wave-like solution of 
the closed string background fields. Indeed it is natural to interpret the process of adding an 
extra D-particle in its lowest energy eigenstate as the quantum description of the classical A = ^ 
tachyon bounce. Since we have placed the system in a box by adding a reflecting boundary 
condition at Tq, the minimal energy bounce will instead take the form of a minimal energy 
standing wave. This predicts that, on the closed string side of the duality, the A = ^ wave will 
also relax to a minimal energy standing wave, which according to our proposal is just a small 
static shift of the closed string background fields. 

To further substantiate this physical equivalence, reconsider the above emission calculation 
for the special probe trajectory 

z{t) = 2A^cosht ^^^^ 

This trajectory precisely follows the surface of Fermi sea. In terms of the variable s{t) it is 
described by Trs{t) = t. The corresponding closed string production amplitude is therefore 
proportional to / ds cos{ttlos) and thus vanishes for all non-zero lo. It thus corresponds to a 
static shift in the closed string background, as advocated. Sub-critical trajectories with A > ^ 
are obviously Pauli excluded, while super-critical trajectories with A < ^ do generate non-trivial 
emission amplitudes. Eventually, all super-critical trajectories decay to the minimal energy one; 
in the target-space field theory, the only permanent remnant of the presence of the extra D- 
particle is a small adjustment of the tachyon background proportional to the associated small 
shift in the Fermi sea. In the Appendix we show how this shift is calculated from the continuum 
boundary state description of section 3. 

It is instructive to consider the dual equivalence (58) with N = N +1, which is the smallest 
renormalization group step. To obtain the explicit form of the corresponding background shift, 
it turns out to be a bit more practical to first view A'^ as a function of the coupling Qs, whose 
form is determined via the condition that ^ is held fixed. This condition results in a differential 
equation, which is easily found from (35) and (32). 

Let us summarize. We have formulated a new open/closed string duality relation (58) be- 
tween l-|-l-d string theory backgrounds with different numbers of D-particles. This duality 
provides a new interpretation and physical foundation of the c = 1 matrix model, which hope- 
fully will help in putting the string/matrix model duality on a somewhat firmer footing. A 
problem that remains, however, is that the l-|-l-d string theory is non-perturbatively unstable, 
although we now have a more direct interpretation of this instability as the decay of a D-particle 
to the "wrong side" of its tachyon barrier, where the potential is unbounded from below. Clearly, 
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it would be of interest to find a consistent completion of 1+1-d string theory, for example by em- 
bedding it in a larger self-consistent framework. In the following section we will give a concrete 
proposal in this direction in terms of IIB superstring theory. 

7. c=l Matrix Model from IIB String Theory 

In this section we will consider a dense gas of unstable D-particles in IIB superstring theory, 
and argue that, in a suitable decoupling limit, its description reduces to the c = 1 matrix model. 

In comparison to our discussion of D-particles in the l-|-l-dimensional bosonic string theory, 
there are several new ingredients that we need to take into account. First, unstable D-particles 
in IIB string theory have, besides the open string tachyon mode, also other light degrees of 
freedom, namely their positions X^.^ The non-abelian worldline action of N particles therefore 
has a more complicated form [41] , [42] , [43] 

Sdbi = JdtTr (v{T)^ ((1 - (AT)^ + (A^^)^) det {Sij + [X^, Xj]) + f{T)[Xi, T]^ + . . . j 

(60) 

Our goal is to show that, in a suitable high density limit, the tachyon mode T becomes much 
lighter than the X*'s, so that in this limit the model in fact reduces to the c = 1 matrix quantum 

mechanics. 

Besides the Born-Infeld action (60), the IIB D-particle world- line action also involves a 
Chern-Simons term that describes its coupling to the RR scalar, the IIB axion field C. To write 
this term, let us momentarily ignore the other D-particlc degrees of freedom, and concentrate on 
the tachyonic mode only. The complete action, including the Chern-Simons coupling [3] [44] [45], 
then reduces to (here the ' denotes derivative with respect to T) 

S = Sdbi + Scs (61) 

= y"dtTr(y(T)^l-(AT)2) + y"dtTr(ciy'(T)AT), 

^The worldline theory of an unstable D-particle in type IIB string theory also contains 32 worldline 
fermions, whose presence will be ignored in the following discussion. 
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where 



As was recently shown in [21] and [44], this form is completely fixed by the requirement that 
the known consistent open string tachyon profiles T{X^) solve the equation of motion of (61). 
Note further that the relation (62) between W{T) and ^(r) ensures that a D-instanton, which 
is known to correspond to a trajectory T{t) that runs from the minimum at T = — oo to the 
other minimum at T = +oo, carries the correct unit of RR-charge. 

Motivated by the preceding discussion of 1+1-d string theory, let us consider a dense gas of 
M unstable D-particles inside of some finite volume Vg. We wish to study this system in its 
lowest possible energy state. As we have learned, this means that the tachyon mode T on each 
D-particle must follow the minimal bounce trajectory (4) with A = ^. This minimal trajectory 
is called an sD-branc in [7], where it was shown that it has the characteristic property that 
it creates half a unit of flux for the time-derivative of the axion C. M sD-branes inside of a 
9- volume Vg thus produce a fiux 



i 



*dC = ^M. (63) 



Positive and negative M correspond to sD-branes with positive and negative T{t) = it ^ cosh t. 
If we assume that the particles are evenly distributed, we conclude that every particle, via the 
flux produced by all the other particles, is immersed in a uniform field 

1 M 

doC = -v, v = —. (64) 

How should we incorporate the presence of this background flux into the eflFective action of 
the M D-particles? Here wc need to be a bit careful. It is tempting to conclude that we need 
to include a non-zero C in the Chern-Simons term: 

Scs = \ jdtutTx{w'{T)DtT) = jdtvTTW{T) . (65) 



^°Notice that F(T) is identical to its bosonic cousin (6) up to a rescaling of T by a factor of l/\/2. To 
understand this factor, recall that the intercept in the fermionic string is half that of the bosonic string. 
In boundary CFT language: to turn on an open string tachyon profile T{X^), one needs to introduce a 
boundary interaction of the form 



Sbdv = jd^i,\^)T'{X\^))®ai 



with (Ji a Chan-Paton index [1]. Conformal invariance thus requires that T(X°) has scale dimension 1/2. 
^^Here we are dropping a boundary term in the partial integration. 
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Fig 2. Typical form of the effective tachyon potential \4ff(T) of unstable D-particles in an axion 
background with d^C = v with v a constant of order 1/gs- 



However, since the matrix variables of the non-abelian DBI action include the open string 
states that stretch between the particles, via the usual open/closed string equivalence it already 
includes the effect of closed string exchange between the particles! We would therefore be 
double-counting if we add the CS-term as well. 

Now let us instead consider a gas of N + M D-particles inside a small volume Vg, with M 
large compared to N. Let us choose a localized cluster of N of these particles, and consider 
them as moving in the closed string background geometry produced by the surrounding gas of 
M D-particles. The non-abelian DBI action of the N particles now includes the CS-term (65). 
The total tachyon effective potential therefore reads 

V,s{T) = V{T)-'^W{T) (66) 

which for the explicit form of potentials (62) reads: 

Feff(T) = ^ - z/ V2arctan(sinh(TV2)) (67) 

gs cosh(r/V2) ^ ^ 

The second term will only become important at very high densities, when u is order 1/gs- In the 
following we will assume that there is no fundamental obstruction against preparing the system 
at such a high density. 

^^In any case it is clear that, as a consequence of the scaling limit we are about to take, there is 
no obstruction from gravitational collapse. The gravitational radius of a region containing M critical 
D-particles is ^^(A't Hooft)^^^) where the 't Hooft coupling is A't Hooft = 9sM. In our double scaling limit, 
A't Hooft 0; the string coupling is weaker than in a generic 't Hooft limit. The gravitational curvature 
is of order the string scale, which in the <?« ^ limit is much below the Planck scale. 



19 



The typical form of the effective potential is drawn in fig 2. The effect of the v term is to 
raise the left minimum and lower the right minimum of V^fj(T). In light of our earlier discussion, 
it seems natural to interpret this extra term as the rise in the Fermi sea of the tachyon matrix 
eigenvalues due to the presence of the dense gas of D-particles. In any case, this term has the 
consequence that tachyon modes that approach from the left, the potential barrier can be made 
arbitrarily small. 

Let us make this explicit. The effective potential leff(T) has a maximum at 

Tc = a/2 arctanh(5sZ/V2), (68) 
which exists as long as v is less then a critical value 

= {V2gsr\ (69) 

In the limit where f approaches Vc 

e = 1 - — « 1 , (70) 

the effective single particle Hamiltonian (obtained after reducing of the matrix quantum me- 
chanics to that of the eigenvalues) near the maximum takes the following form 

h{T,)c.a(^e^^e,+e-^-le-'^) (71) 

and 

a = , /3 = — • (72) 



9s 9 



s 



Here we redefined Tj = -^{Ti — Tc), and TTj = v^TTj, so that the new effective potential has 
its maximum at T = 0. [ We have writen the Hamiltonian in the non-relativistic form, which 
is justified as long as the energy is small compared to V{T). In the new variables, this means 
that we must restrict to the region in which is small compared to As in the previous 

section, wc will put a cut-off T < Tq on the tachyon mode, with Tq small enough to satisfy this 
condition. In the following, we are going to take the limit a — > and /3 — ^ oo, so this restriction 
will in fact become irrelevant.] 

From the form (71) of the effective Hamiltonian we deduce that, in this regime with a very 
small and /? very large, the spectrum of h will contain a large number (of order (3) of very small 
eigenvalues (less than a). We would like to use this fact to determine a precise limit in which 
the T-dynamics decouples from all the other degrees of freedom, and in particular from the 
space-time motion Xjn{t) of the D-particles. 
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The D-particle motion is governed by the matrix action (omitting factors of order 1) 

cl/2 

9s 

The corresponding Hamiltonian reads 



1/2 

S{X) = — (dtTx(e-'^{{DtXmf + [XruM^ + [Xra,Xnf}) (73) 
9s J 



h{X) = aTv( -1 e*p2 + i{[x„,t]2 + [Xm,X^f}) (74) 

We would Uke to obtain an estimate of the ground state energy and of the energy gap of this 
Hamiltonian. 

The classical potential in h{X) has flat directions [X^,T] = = 0. These fiat 

directions are well-known to be lifted by quantum corrections. (Recall that the world-line 
theory of unstable D-particles is not supersymmetric, so there is no cancellation of bosonic 
vacuum energies.) If we set T = 0, a simple scaling argument then shows that the remaining 
hamiltonian h{X) has a non-zero ground state energy and energy gap proportional to 

Now, in order to achieve the decoupling of the tachyon mode from the dynamics of the X-degrees 
of freedom, we would like this energy to be much larger than the effective potential of the single 
eigenvalue hamiltonian h{Ti), which is of order a. 

We are now in a position to give a precise characterization of the decoupling limit. We are 
going to send 

AT^oo, gs^O, e^O. (76) 



We keep PN fixed 



^ fixed. (77) 
Further, we want to make sure that the energy scale AE in (75) becomes large, so we have 

5/4 

Ne^/^ ^ . (78) 

9s 

Upon taking this limit, the dynamics of the N D-particles reduces to the c = 1 matrix quantum 
mechanics of the tachyon mode T. Note that the limit in particular involves sending the string 
coupling to zero (even fast enough so that ggN 0), so that the D-particles indeed decouple 
from the IIB closed strings in the bulk. 
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8. Conclusions 



Our new proposal is that 1+1-dimensional string theory, via its equivalence with the c = 1 
matrix model, can be identified with the above-defined decoupling limit of a dense collection 
of unstable D-particles in IIB string theory. The evidence supporting this identification is 
twofold: (i) the worldlinc theory of the N unstable D-particles in this limit reduces to the c = 1 
matrix model, and (ii) the interaction of the matrix model degrees of freedom with the l+l-d 
closed strings is consistent with their interpretation as the tachyon field of the corresponding 
D-particles. We will now make some comments about this duality. 

(i) A perhaps somewhat surprising aspect of the proposed duality is that it involves a dimen- 
sional reduction from a 10-d to a 2-d string theory. This dimensional reduction amounts to the 
statement that in the near-horizon limit only the s-wave sector of the IIB string theory survives. 
A somewhat schematic explanation for how this may come about is as follows. Consider the 
full 10-d background produced by a dense collection of many unstable IIB D-particles. This 
background has SO{9) symmetry, and is thus naturally describes in polar coordinates (x*^, r, O). 
Since the boundary state of the D-particles contains a tadpole for the dilaton and graviton, the 
worldsheet action of a string moving in this background will take the general form (omitting 
worldsheet fermions) 

Sws = ^J (-A(r)ax°)2 + (darf + $(r)i?(2) + B(r)(a„i7)2) . (79) 

Now because of the non-trivial radial dependence of the dilaton field $(r), the radial coordinate 
r acquires a non-trivial transformation under worldsheet scale transformations z ^ {1 + Se)z: 

5r = 5eVr^{r). (80) 

Thus if this gradient gets large, we can interpret the radial evolution as a worldsheet renormal- 
ization group flow: large values of r correspond to the ultra-violet, and small values of r to the 
infra-red region of the worldsheet CFT. Now if we freeze r, the angular part of the worldsheet 
CFT reduces to an 0(9) sigma- model with a non-trivial RG flow: it is expected to become 
strongly coupled and develop a mass-gap in the IR. In geometrical terms, this means that the 
shrinks to zero size, leaving behind only the s-wave modes. Unlike their super symmetric IIA 
cousins, the IIB D-particles do not produce a stabilizing flux through the that would prevent 
it from collapsing. Assuming that the remaining radial and time coordinates remain massless, 
their sigma-model action must be characterized by a solution to the 2-d target space equation 
of motion of (9). 

(ii) It is natural to ask whether there are lessons from all this about 26-dimensional critical string 
theory. If our identification between the closed-string tachyon with the density of D-particles 
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persists in the higher dimensional theory, it provides additional support for the long-standing 
suspicion that the endpoint of the closed bosonic string tachyon condensation may be described 
by 1+1-d non-critical string theory [46]. 

(iii) The strategy followed in section 7 may possibly be generalized to construct decoupling limits 
of many other unstable D-brane systems, while reducing their world volume theory to matrix 
quantum mechanics. The general idea is as follows. 

Unstable D-branes generally arise as D-sphalerons, the minimal energy configuration at the 
half-way point of a Euclidean D-instanton trajectory. The D-instantons couple to some specific 
RR-form, Crr, which acts as the corresponding theta-angle. By turning on a time- like gradient 
for Crr one can in effect introduce a chemical potential that drastically reduces the height of 
the sphaleron barrier, thus making the unstable D-branes very light. By considering a suitable 
large N limit, one may thus hope to isolate a single matrix valued sphaleron mode. 

As a concrete example of this procedure, consider Yang-Mills gauge theory on x R. This 
theory has sphaleron configurations, that for A/" = 4 SYM are related via AdS/CFT duality 
to unstable D-particles in AdS [47]. We can turn on a chemical potential that makes the 
sphaleron mode light by introducing a time-dependent theta-angle 9 = ut. This results in an 
extra contribution to the SYM Hamiltonian proportional to v times the Chern-Simons number 
CS = J TT{AdA + 1^^). (Such a modification of the Hamiltonian naturally arises if one couples 
the gauge theory to chiral fermions and considers the model at finite fermion density. The 
parameter v then corresponds to the chemical potential for the anomalous fermion number Qf.) 
In the limit where v approaches a critical value Uc, the Hamiltonian for the (appropriately defined 
[48]) constant gauge field modes reduces to 



with € = fc — — > 0. In this limit, the constant gauge field modes decouple from all the other 
modes. This therefore defines a matrix model reduction of gauge theory. The matrix potential 
has one unstable sphaleron mode, interacting with two stable modes. 

(iv) The identification of l-|-l-d closed strings, as excitations of the Fermi sea of eigenvalues 
of the non-abelian open string tachyon, opens up a very interesting new perspective on the 
interactions between D-particles and strings. Whereas small fluctuations of the Fermi sea have 
a direct perturbative closed string interpretation, larger non-linear excitations may generate 
configurations that can only be given a non-perturbative interpretation. There are two distinct 
kinds of large nonlinearities on the Fermi sea: large gradients and large amplitudes. 

When an incoming pulse has a spatial gradient above a certain threshold, it will lead to a 
cresting, or folding, of the Fermi surface [49] [13] [50]. This phenomenon, which has always been 




(81) 
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Fig. 4 Cartoon of open string creation during cresting of the fermi surface. Each circle represents an 
eigenvalue occupying phase-space area h. The open string depicted naturally has excitations of energy 

Vh. 

a somewhat puzzling feature of the c = 1 matrix model, now gets a rather natural interpretation 
as the creation of an unstable D-particle from closed strings. The life-time of the D-particle 
excitation grows logarithmically with the inverse distance between the top of the wave and the 
top of the potential. Eventually it decays into closed string radiation. At intermediate times, 
however, it should reveal the presence of on-shell open string excitations, which in the matrix 
model correspond to excitations of size \/^ rather than h. 

The other kind of strong nonlinearity involves large amplitudes. Again there is a threshold, 
which is when the pulse extends above the top of the potential barrier. In this case, there will 
be tearing of the Fermi surface as the top of the wave is sucked into the gorge of eternal peril. 
Luckily, via our new physical interpretation, we can now clarify what happens to the part of the 
wave that is lost: it corresponds to a collection of IIB D-particles that decays via a tachyon that 
rolls down towards the right-hand side of the effective potential in fig 2. The same fate awaits 
any eigenvalue that penetrates the potential barrier via quantum mechanical tunneling. The 
near-horizon c = 1 string theory is therefore not a completely decoupled theory, but nonetheless 
- when thought of as embedded inside of the IIB string theory - gives a completely adequate 
description of the physics of the meta-stable bound state of D-particles.^^ 

It is natural to look for nonlinear phenomena in the matrix model that can be interpreted 
as black hole formation in the 1+1-d effective theory [46]. It will be interesting to revisit the 
matrix black hole construction of [51], which can be interpreted as turning on a Wilson line of 
the D-particle world-line gauge field. 
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Appendix A 

In this Appendix we will compute the closed string tachyon state produced by a rolling open 
string tachyon on a single D-particle. We will do the calculation for the critical bounce trajectory 
(4) with A = ^, though our result is easily generalized to arbitrary A < ^. We will find that 
the rolling tachyon produces, apart from a discrete series of interesting transients, also a static 
shift in the closed string tachyon, which needs to be interpreted as a small shift in fi. The 
result will be in accord with our proposed duality between the D-particles and the c = 1 matrix 
eigenvalues. We will also see that the 1 + 1-d string theory gives an extremely clean example of 
the paradigm for describing closed strings as imaginary D-branes, recently advocated in [7] [8] 
[9]. 

We will extract the response of the closed-string tachyon to the D-particle by factorizing 
the annulus diagram onto on-shell closed-string poles. We begin by considering the annulus 
amplitude 

1 

As,,s2i'^) = jdq{Bs^\ f°\Bx) • Ahost- (82) 



Here ((a;| is the Ishibashi state built on the primary (0| e~*'^"^° of the GFT. Note that we 
have already performed the integral over the phase of the closed string modular parameter q, 
which implements level-matching, Lq = Lq. The ghost part of the annulus is 

■Aghost = — ~ — • (83) 

The piece of this amplitude is 
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where the expectation value denotes the one-point function on the disk. Finally, the Liouville 
part of this amplitude is [26] 

r dP o^' 

where the matrix elements arc as given in (17). The contour of integration is C = —i^ + IR- 

Putting things together, wc find that all factors r]{q) cancel, leaving a trivial integration over 
the modular parameter q. It reduces to the massless propagator 

1 



To extract the resulting on-shell background, we follow the general prescription derived in [9] 
and take the discontinuity in uj of this object: 

1 5{P-u) 
^ 87 

so that we can use the delta-function to do the integral over P. Collecting all these facts, we 
have 

, i7rcos(^S2^)cos(7rgiu;) 
= ' (sinhvrc.)3 ' 

Now let us specialize the boundary states to fit the physical problem we wish to study. First 
we set si = I so that the state \Bs^) represents the D-particle. The other state we decompose 
as 

{Bs,\ = y"^e-^^'=°^^"^2 (W^(£)|. (89) 

The states (VF(^)| we interpret as the position eigenstate for the tachyon mode via the identi- 
fication £ = e'^. Using once again the integral formula (24), we can thus write the amplitude 
as 

^s^,s, icj^ ^ e sinh(7r(j) sinh(^L^/2) ^ > 

The position-space profile of the shift in the closed string tachyon is therefore 

^^^^'"^ = ^ sinh(.a;) sinh(.a;/2) ^^'^ 

To extract the time-dependence of this background, we Fourier transform using the contour in 
the figure; the integral may be done by residues. 
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Fig 3. The denominator 

sinh TTLO sinh = tt^w^ IT ( ( ^ ) + ■'■ 



n=l 



Re CO 



2n+ 1 



/las double zeros at even imaginary integers and single zeros at odd imaginary integers. The physical 
tachyon response is obtained by Fourier transforming using this contour. 



/7 
— e'--'ST{£, uj) = dT{i) + y e-"*Cn(^) (92) 

The terms with finite n are transients which represent the splash of the probe D-particle into 
the Fermi sea. The momenta of the transients are quantized in units of the frequency of the 
harmonic oscihator appearing in the euchdean continuation of the matrix quantum mechanics. 
The distinction between odd and even multiples of this basic frequency is the distinction between 
lengths and laps under the barrier. 

The static piece of the shift in the tachyon background is (with £ = e"^) 

6T{ip) oc £2 d,K,i^£)l^Q = £^Io{^£). (93) 

which in the asymptotic region amounts to a shift ST{ip) oc e^'^. Hence the shift at the location 
if = of the "dilaton wall" is of order one. Since T{0) c± ^ log fi, we find that the presence of 
the extra D-particle amounts to a shift (5/x of order 

Sficx {log fj,)-\ (94) 
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in accordance with the characteristic level density = ^ ~ —^logfj, of the c = 1 matrix 
model. 
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